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ABSTRACT
The vacuum state in quantum field theory is known to exhibit an important
number of fundamental physical features. In this work we explore the possibil-
ity that this state could also present a non-trivial space-time structure on large
scales. In particular, we will show that by imposing the renormalized vacuum
energy-momentum tensor to be conserved and compatible with cosmological ob-
servations, the vacuum energy of sufficiently heavy fields behaves at late times
as non-relativistic matter rather than as a cosmological constant. In this limit,
the vacuum state supports perturbations whose speed of sound is negligible and
accordingly allows the growth of structures in the vacuum energy itself. This
large-scale structure of vacuum could seed the formation of galaxies and clusters
very much in the same way as cold dark matter does.
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With the advent of quantum field theories, the classical concept of vacuum as the absence
of any kind of matter or energy changed dramatically. Heisenberg’s uncertainty principle
not only demands the presence of a minimum energy per field mode, giving rise to a non-
vanishing (and divergent) vacuum energy, but also those vacuum fluctuations are known to
modify fundamental properties of the own fields such as their charges or masses. Moreover,
the quantum vacuum exhibits a rich structure regarding electroweak and color interactions.
Thus we know that the QCD vacuum is characterized by non-vanishing expectation values of
the gluon 〈αsGaµνGµν a/pi〉 ≃ (300MeV)4 and quark 〈ψ¯ψ〉 ≃ −(230MeV)3 condensates. The
later has a fundamental physical consequence since it is responsible for the chiral symmetry
breaking. Other features related to the QCD contribution to the vacuum state have not
been detected yet. Indeed, the non-observation of the effects corresponding to its non-
trivial topological structure imposes very stringent upper limits on the actual value of the θ
parameter associated to the strong CP problem.
Electroweak vacuum is also known to present a non-vanishing expectation value for the
Higgs field 〈H〉 ≃ 250GeV, which is responsible for the electroweak symmetry breaking and
the generation of the masses of the rest of Standard Model particles.
These expectation values characterizing the non-trivial properties of the vacuum are
usually calculated in Minkowski space-time and after a regularization and renormalization
process they are just given by constant parameters in space-time whose values are fixed
experimentally. However, in the presence of a background metric, those expectation values
could acquire a non-trivial space-time dependence [1]. In this work we are precisely interested
in obtaining such a dependence in the particular case of vacuum energy in a cosmological
context. Thus, we will compute the vacuum energy of a simple massive scalar field model
in a perturbed Robertson-Walker background. We will show that, demanding the renor-
malized vacuum energy-momentum tensor to be covariantly conserved and the value of the
renormalized vacuum energy to be compatible with observations, there is a contribution as
non-relativistic matter that dominates at late times. This contribution is shown to sup-
port perturbations whose speed of sound is negligible and accordingly allows the growth of
structures in the vacuum energy itself. This large-scale structure of vacuum could seed the
formation of galaxies and clusters very much in the same way as cold dark matter does.
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Let us consider a scalar field φ with mass m in a spatially flat Robertson-Walker back-
ground ds2 = a2(η)(dη2 − dx2), the corresponding Klein-Gordon equation reads
φ+m2 φ = 0 . (1)
The field φ(η,x) can be Fourier expanded as
φ(η,x) =
∫
d3k
(
ak φk(η) e
ikx + a†k φ
∗
k(η) e
−ikx
)
, (2)
where the ak and a
†
k operators satisfy the usual commutation relations
[ap, a
†
q] = δ
(3)(p− q) . (3)
Introducing ψk by
φk =
ψk
a
, (4)
eq. (1) can be recast as
ψ′′k +
(
k2 − a
′′
a
+m2a2
)
ψk = 0 (5)
where primes stand for derivative with respect to conformal time.
The non-vanishing vacuum expectation values of the energy-momentum tensor compo-
nents are [3, 2]
ρ = 〈0|T 00|0〉 =
∫
d3k
2a2
(|φ′k|2 + k2|φk|2 +m2a2|φk|2) (6)
p = −〈0|T ii|0〉 =
∫
d3k
2a2
(
|φ′k|2 −
k2
3
|φk|2 −m2a2|φk|2
)
. (7)
In order to obtain the corresponding renormalized quantities, we will use a constant comoving
cutoff over the three-momenta [4], i.e we will consider
ρren =
2pi
a2
∫ ΛR
0
dk k2
(|φ′k|2 + k2|φk|2 +m2a2|φk|2) (8)
pren =
2pi
a2
∫ ΛR
0
dk k2
(
|φ′k|2 −
k2
3
|φk|2 −m2a2|φk|2
)
, (9)
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where as for any other renormalized quantity in field theory, the actual value of ΛR can only
be determined by observations. Notice that unlike Minkowski space-time [5, 6], the constant
three-momentum cutoff does not break the symmetries of the underlying Robertson-Walker
metric. In fact, the use of a comoving cutoff guarantees the renormalized energy-momentum
tensor to be covariantly conserved.
We shall be interested in the equation of state of vacuum energy w = pren/ρren. For
that purpose it is important to notice that there are two (comoving) mass scales in the
theory, namely, ma and ΛR. Thus, in the UV limit (ΛR ≫ ma), which is the limit usually
considered in the literature [7, 8], it can be seen that there are three types of contributions
to ρren, namely, terms scaling as Λ
4
R/a
4, m2Λ2R/a
2 and m4 log ΛR, where for simplicity we
have assumed m2 ≫ H2, which is actually the case for the current value of the Hubble
parameter H and the masses of the SM fields. Each of them are independently conserved
and could be removed also independently by adding appropriate conserved counterterms to
the energy-momentum tensor. In particular, by eliminating the quartic and quadratic terms
we would obtain the standard cosmological constant contribution that scales logarithmically
with the cutoff.
However, the value of ΛR is severely constrained by entropic arguments in order to avoid
overcounting the number of states accessible to a gravitating system. These holographic
bounds suggest that the correct limit for the computation of the contribution to the vacuum
energy may be the opposite [9, 10, 11]. Indeed, in the IR limit (ΛR ≪ ma), we will show that
the dominant contribution always scales as mΛ3R/a
3 regardless the (conserved) counterterms
which are added to renormalize the UV behaviour. Notice that for sufficiently large masses
and/or late times this will be the dominant contribution to the vacuum energy.
Let us then consider the case ΛR ≪ ma with m ≫ H . Equation (5) is reduced in this
case to
ψ′′k +m
2a2ψk = 0 , (10)
whose approximated solution can be obtained by the WKB method [1]
φk(η) =
c1(k)√
2ma3
exp
(
−im
∫
a dη
)
+
c2(k)√
2ma3
exp
(
im
∫
a dη
)
. (11)
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Left: Exact evolution of the equation of state parameter w in a de Sitter space-time [4] in terms of the
conformal time η and the renormalization cutoff ΛR for several values of the field mass mH measured in
units of H (from top to bottom mH = 2, 3.5, 5, 7, 10, 14, 20, 27, 35, 50, 70, 100) (in linear-linear scale). For
past times (or high cutoff) the dominant contribution is the radiation one w = 1/3. As the time goes by
(or for low cutoff), a matter behavior w = 0 appears. Right: Linear-log scale plot of the equation of state
parameter w when −ηΛR = 0.1 for field masses in the range 3 · 10−5 < mH < 2.2. For m≫ H , w = 0 and
a non-relativitic matter behaviour is found.
For the normalized positive frequency solutions we get c1 = 1/(2pi)
3/2, c2 = 0. Thus, for the
energy density and pressure we obtain from (8) and (9)
ρren =
1
8pi2
∫ ΛR
0
dk k2
(
2m
a3
+
9H2
4ma3
+
k2
ma5
)
(12)
pren =
1
8pi2
∫ ΛR
0
dk k2
(
9H2
4ma3
− k
2
3ma5
)
. (13)
Thus, in this limit we get
w =
pren
ρren
≈ 0 , (14)
i.e. vacuum energy scales as non-relativistic matter for sufficiently heavy fields. In terms of
the comoving cutoff, the energy density reads
ρren =
1
12pi2
m
a3
Λ3R (15)
where we have only kept the dominant term. As it happens in other areas of physics, the
cutoff value can be constrained observationally. Thus, the amount of energy corresponding
5
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to the vacuum of this field cannot exceed the total amount of energy of the Universe in its
different stages. In particular, comparing (15) with the dark matter density, we obtain the
following limit on the comoving cutoff
ΛR . 8.96× 10−4 T0
( m
125GeV
)−1/3
, (16)
where T0 is the present temperature of the CMB and for the sake of concreteness we have
normalized the scalar mass to the bosonic resonance recently measured at the LHC and
compatible with the Standard Model Higgs field. Note that if the cutoff saturates the above
inequality, the observed dark matter content of the Universe could be explained as the
vacuum energy corresponding to a particular scalar field. The required comoving cutoff ΛR
is a few orders of magnitude smaller than the radiation temperature today and accordingly
the IR condition (ma≫ ΛR) is satisfied throughout the whole matter era for all the massive
bosonic fields in the Standard Model.
Let us then consider the effect of scalar perturbations on the vacuum energy. We will
work in the longitudinal gauge, for which the perturbed metric reads
ds2 = a2(η)
{
[1 + 2Φ(η,x)] dη2 − [1− 2Ψ(η,x)] dx2} . (17)
The scalar field can also be expanded around the unperturbed solution as
φ(η,x) = φ0(η,x) + δφ(η,x) , (18)
where φ0 satisfies
φ′′0 + 2φ
′
0H−∇2φ0 +m2a2φ0 = 0 , (19)
and the total field can be shown to satisfy
φ′′ + (2H− Φ′ − 3Ψ′)φ′ − (1 + 2(Φ + Ψ))∇2φ
− ∇φ ·∇(Φ−Ψ) +m2a2(1 + 2Φ)φ = 0 , (20)
up to first order in perturbations, where H stands for a′/a.
In order to quantize the perturbed field, we will look for a complete orthonormal set
of solutions of the above equation. For that purpose, we will try a WKB ansatz for the
6
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solutions in the form
φk(η,x) = fk(η,x) e
iθk(η,x) (21)
where fk(η,x) is a slowly evolving function of η and x whereas θk(η,x) is a rapidly evolving
phase.
The positive frequency solutions of the unperturbed equation with momentum k can be
written as
φ
(0)
k (η,x) = Fk(η) e
(ik·x−i
∫ η ω(η′) dη′) , (22)
with ω2 = k2 +m2a2 and
Fk(η) =
1
a
√
2(2pi)3ω
. (23)
in agreement with (11), so that we can expand the perturbed fields as
fk(η,x) = Fk(η) + δfk(η,x)
θk(η,x) = −
∫ η
ω(η′) dη′ + k · x+ δθk(η,x) . (24)
Substituting in (20) and expanding in metric perturbations, we get to first order
δθ′k ≃ −maΦ ≃ −ωΦ (25)
and
δfk =
3Fk
2
Ψ +
Fk
2
∇2
∫ (
1
ω
∫
ωΦdη
)
dη . (26)
where again we have used m2a2 ≫ k2.
On the other hand, from the perturbed energy-momentum tensor we get
ρ = 〈0|T 00|0〉 =
∫
d3k
2a2
(
(1− 2Φ)|φ′k|2 + (1 + 2Ψ)|∇φk|2 +m2a2|φk|2
)
(27)
p = −〈0|T ii|0〉 =
∫
d3k
2a2
(
(1− 2Φ)|φ′k|2 −
(1 + 2Ψ)
3
|∇φk|2 −m2a2|φk|2
)
, (28)
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then for the density perturbation we get to first order
δρ =
∫
d3k 2m2Fk δfk
=
∫ ΛR
0
dk
2pi2a3
k2m
(
3
2
Ψ +
1
2
∇2
∫ (
1
a
∫
aΦdη
)
dη
)
. (29)
We also see that the contributions to the pressure from the kinetic and potential terms cancel
each other so that
δp = 0 , (30)
and the corresponding speed of sound is
c2s =
δp
δρ
= 0 . (31)
The T ij components with i 6= j can be neglected when compared to T 00 in the limit
ma≫ k which implies the vanishing of the anisotropic stress, i.e. Φ = Ψ.
From (29) and the background density (15), the density contrast reads
δρ
ρ(0)
= 3Ψ +∇2
∫ (
1
a
∫
aΦdη
)
dη . (32)
Notice that this result is independent of the cutoff and it agrees with the standard expression
for a hydrodynamical fluid [12]. Thus in particular, in the matter dominated era, a fluid
with c2s = 0, has Φ = Ψ = constant, both on sub-Hubble and super-Hubble scales. For
sub-Hubble modes ∇2Φ η2 ≫ Φ, thus the second term dominates and accordingly
δρ
ρ(0)
∝ a . (33)
Thus, quite unexpectedly, on sub-Hubble scales, vacuum density perturbations could grow
very much in the same way as in cold dark matter models.
The structure of vacuum studied in this work opens up fascinating possibilities in the
evolution of those perturbations which eventually could reach the non-linear regime and form
bounded objects. Those objects, in the absence of any supporting pressure, would finally
collapse in what we could call a vacuum-energy black hole. The study of these vacuum
objects will deserve future consideration.
8
The large-scale structure of vacuum – Essay on Gravitation for the GRF 2014 Awards
Acknowledgments
This work has been supported by MICINN (Spain) project numbers FIS2011-23000, FPA2011-
27853-01 and Consolider-Ingenio MULTIDARK CSD2009-00064. FDA acknowledges finan-
cial support from the UAM+CSIC Campus of International Excellence (Spain).
References
[1] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge, 1982).
[2] S. A. Fulling and L. Parker, Annals Phys. 87 (1974) 176.
[3] L. Parker and S. A. Fulling, Phys. Rev. D 9 (1974) 341.
[4] F. D. Albareti, J. A. R. Cembranos and A. L. Maroto, arXiv:1404.5946 [gr-qc].
[5] E. K. Akhmedov, hep-th/0204048.
[6] G. Ossola and A. Sirlin, Eur. Phys. J. C 31 (2003) 165.
[7] J. Martin, Comptes Rendus Physique 13 (2012) 566.
[8] M. Maggiore, Phys. Rev. D 83 (2011) 063514.
[9] A. G. Cohen, D. B. Kaplan and A. E. Nelson, Phys. Rev. Lett. 82 (1999) 4971.
[10] S. D. H. Hsu, Phys. Lett. B 594 (2004) 13.
[11] M. Li, Phys. Lett. B 603 (2004) 1.
[12] V. Mukhanov, Physical Foundations of Cosmology, (Cambridge, UK, 2005), pp. 421.
9
